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Abstract. We establish existence of travelling waves to the gradient system 

ut = Uzz — VVF(n) connecting two minima of W when m : R X (0, oo) ► R-'*', 

that is, we establish existence of a pair (C/,c) e [C2(R)]^ X (0,00), satisfying 

r t/,, - VW/{i7) = -c C/, 
\ Ui±oo) = a±, 

where are local minima of the potential W G Cf^ciR'^) with W{a-) < 
W{a~^) = and A'^ > 1. Our method is variational and based on the mini- 
mization of the functional Ec{U) = |||f7a;p + W{U)"^e'^^dx in the appro- 
priate space setup. Following Alikakos-Fusco lA-FI . we introduce an artificial 
constraint to restore compactness and force the desired asymptotic behavior, 
which we later remove. We provide variational characterizations of the travel- 
ling wave and the speed. In particular, we show that Ec{U) = 0. 



1. Introduction 

Assume we are given a potential W G Cf^^{M.'^) with several local minima, in 
general at different levels. Let a+, a~ be local minima with W{a^) = 0, W(a^) < 0. 
We consider the problem of existence of a solution ([/, c) to the system 



(1) 



U{±oo) = a± 



where c > and U : M — > M.^ is in [C^(M)]^ connecting a*, the dimension being 
any iV > 1. A typical potential with two minima and iV = 2 is shown in Fig. 
1. Solutions of problem ([1]) are known as heteroclinic travelling waves. They are 
special solutions of the form U{z — ct) = u{z, t) to the diffusion system with gradient 
structure: 



(2) ut = u^^-VWiu) , u^u{z,t): R x (0, 00) 



and in addition heteroclinic connections of the dynamical system corresponding to 
the 2nd order ODE system Uxx — VW{U) = — c Ux- Physically, problem ^ can be 
interpreted as the Newtonian Law of motion with force term —V{—W) due to the 
potential — W and dissipation (friction) term —cUx- In this context, U{x) represents 
the trajectory of an ideal unit mass particle going from a global maximum to an 
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other local maximum of —W , asymptotically in time. 




Fig. 1: Simulation of the standard 2-wclI W deformed fcxmpl. l35t . having minima at different levels 



Problem ([T]) with c = is a special case known as the "standing wave" heteroclinic 
connection problem. It reduces to a Hamiltonian system Uxx — VW(U) for a 
potential with minima at the same level. This case for general > 1 has been 
studied by Sternberg in [St], Alikakos-Fusco in [A-F] and in great detail for = 2 
by AHkakos, Betelii, Chen in |A-Be-C| . 



The scalar case = 1 and c > of ([T|) is textbook material from the viewpoint 
of existence (e.g |He| p. 128, [Evj . p. 175). The global stability of the connection for 
the scalar case of ^ has been studied in the classical papers of Fife and McLeod 
jF-McL] ■ [F-McL2j and recently by Gallay and Risler in |G-Rj . Already in the 
scalar case, existence for ([Ij of an heteroclinic between two minima is not always 
guaranteed in the presence of a third one, as it has been observed in |F-McL| (Fig. 



In the vector case A'^ > 1 and c 7^ for ([T]) maximum and comparison principles 
are no longer available and as a result only special systems have been studied. We 
refer to the monograph of Volperts' [V] for monotone systems and numerous related 
references. 

In the very recent paper E. Risler |Rj has established existence of solutions to 
(P), as a byproduct of his study of the parabolic semiflow of Among other 
results, Risler studies the case of a bistable potential and proves the existence of 
a travelling wave connecting the global minimum of W with a local minimum, as 
in the present paper. However, his hypotheses are more restrictive than our (j/t**P 
(Sec. 8), which shows the advantage of the Direct Method we utilize. 

Another very recent paper that establishes existence of travelling waves, actually 
for a generalization of ([T]) is Lucia-Muratov-Novaga [LMN] . Their method has 




Fig. 2: In general, no a - 7 connection exists 
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similarities with ours, but their hypotheses are different and not directly addressing 
the potential W. 

In the present paper we choose to work directly with the time independent 
problem ([!]). We prove existence of heteroclinic travelling waves for potentials 
with several minima under weak coercivity requirements which allow for potentials 
unbounded from below. We establish connections between possibly degenerate 
minima, imposing assumptions only on the geometry of the sublevel set {VF < 
a} C for a > small, which encloses the minima (assumptions in Sec. 6, 
(l/fcT) in Sec. 8). 

Our approach is variational: we introduce a weighted action functional, an idea 
already introduced in Fife-McLeod f [F-McLj . [F-McL2 j). to obtain travelling wave 
solutions to ^ as (local) minimizers of the weighted action 



in the Frechet space of vector functions [i?jQj.(M)]^, utilizing certain devices to 
overcome the unboundedness and compactness problems of Ec- We show that 
action-minimizing travelling waves {U, c) are characterized by the property Ec(U) = 
and they can be derived as solutions to 



(4) E,{U) = inf {e,{V) : V £ [i/^cW]"^, '^(±00) = a^} , E,{U) = 0. 



We now give a brief description of our method. A formal computation shows 
that critical points of Ec correspond to weak solutions of ([1]). We wish to con- 
struct solutions of Uxx ~ VW^(C/) = — c U^, with the desired behavior at infinity 
{/(±cxd) = a^, by minimizing ([3]), in the appropriate setup. Minimization can not 
be done directly, because the unbounded domain R excludes strong compactness in 
all reasonable functional spaces, while the asymptotic behavior required in ([1]) can 
not be guaranteed. 

In addition, Q is not generally bounded from below for all c > 0, a difficulty not 
present when c = 0, and moreover it is sensitive to translations: Ec{U{- — S)) = 
e'^^E(.{U). Thus, a minimizing sequence may converge to the trivial minimizers 
with Ec{a+) = 0, £'c(a") = -00. 

To overcome these problems, we first solve a constrained minimization prob- 
lem, utilizing the unilateral constraint method introduced by Alikakos and Fusco in 
[A-Fj : we fix 2 arbitrary parameters c, L > and we minimize E^ directly within 
the admissible set of functions in [-ffioc(l^)]^ whose graph lies in the cylinders 
(— 00,— L] X B(a~,ro) and [L, -f 00) x B(a+,ro) enclosing the 2 minima a* to be 
connected. Minimization leads to a 2-parameter family of minimizers in c, L > 0. 
Then L is increased with the hope that the constraint is not realized for some min- 
imizer, thus solving the Euler-Lagrange equation ([T]) for some specific value of the 
other parameter c = c* > 0. 

This device bounds from below ([3]), and allows us to "capture" an object which 
is close to a solution to (HI) . Constrained minimizers are piecewise solutions (except 
possibly at the rims {±L} x 9(B(a^,ro))) converging asymptotically to a^, for all 
c > 0. The main effort in the proof is devoted to showing that the constraint is in 
fact not realized for a specific c* > and for sufhciently large L. 

The role of "c" is as follows. We incorporate into Ec an arbitrary parameter c > 
which, until Sec. 6, is always arbitrary and fixed. In particular, we do not view c as 



(3) 
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a functional c{U) of U. The specific c = c* which guarantees existence is determined 
by the requirement that Ec* [Ul) = for sufficiently large L > L* . This is necessary 
for existence of minimizers since translation sensitivity of ([3]) shows that the only 
possible finite infimum of ([3]) is zero. A more transparent characterization was 
pointed out by the referee and is as follows. First look for the smallest possible value 
c > for which Q is bounded form below over {U € [-^[^^^.(R)]^ : U{±oo) = a^}. 
Then, for that c construct the travelling wave by minimizing ([3]) . A nice consequence 
of this is a uniqueness property of the speed for minimizing travelling waves. 

The paper is organized as follows. In Sec. 2 we solve the constraint problem for Ec 
in resulting to a 2-parameter family of minimizers in c > and L > 0. 

In Sec. 3, assuming a very mild local monotonicity (h) near the minima a^, we show 
that constrained minimizers are piecewise solutions to Uxx — yW{U) = — c Ux, 
solving it on M \ {±L} and converging to a* at ±cxd. 

In Sec. 4 we introduce the main tool for removing the constraint, two local 
replacement lemmas, modeled after Lemmas 3.3, 3.4 in |A-F) . The new ingredient 
is the introduction of a convex set in the place of a ball, which allows controlling the 
solution far from the minima. The presentation here is self-contained independent 
of the rest of the paper. 

In Sec. 5 we establish certain energy identities. In particular, they imply an 
energy equipartition at +oo and that Ec{Ul) measures the jumps [[(C/l)^]] |_|_^- 

In Sec. 6 we introduce a global assumption and determine the speed c* 
of the travelling wave, c* is defined by means of a variational formula (see (|27p ) 
which is similar to a formula of Heinze |Hei| . Utilizing tools from Sec. 4, 5, we prove 
that c* satisfies the desired properties (Proposition [25]) . Hence, we distinguish the 
suitable Ec* among all |i?c : c > O}. The variational formulation (j4]) which implies 
existence for ([1]) is also given here. 

In Sec. 7 we prove existence of solution by removing the constraint and derive 
explicit bounds on c* S [cmin, Cmax], by means of our variational formulation ([?]). 

In Sec. 8 we show that the assumption ^h*\\ can be relaxed to include potentials 
that are unbounded from below or have other critical points besides (cf. |A-Fj ) . 
Finally, in the Appendix we discuss the optimality of our assumptions. 

Our proof includes the special case W{a~) = W{a^) = 0, c = that was treated 
in \K-F\ . 



2. The Constrained Minimization Problem 
Here we solve a minimization problem for Ec{U) — Jj^ Ijjt'xp + W^(t^)| e'^^dx 

in the local Sobolev space of vector U : R — > . [i?ioc(I^)]^ admits 

a Frechet topology, defined by the seminorms of [ifi(-TO,TO)]^, TO > 1. Techni- 
cally, instead of [i/[Q^(M)]^ we use its isomorphic copy [77[^j,(R, e'^^'^)]^ with weight 
X 1-^ e'^^, the standard Lebesgue measure dx being replaced by the absolutely con- 
tinuous e'^^dx. It is only a matter of convenience, since minimization gives deriva- 
tives bounded in [L^ {R, e''^'^)]^ . Cf^eC^^) will denote the space of C'= functions 
equipped with the Frechet topology of uniform convergence together with all the 
derivatives over compacts, while (7*^(18.^) denotes the bounded C*^ functions with 
its standard norm. We shall frequently decompose W a,s W = — W~, where 
W+ = inax{W, 0} and = max{-l^, 0}. 
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Lemma 1. (Characterization of the speed) Assume that a solution {U,c) to 
(QP exists, satisfying Ux{'^oo) = Q up to sequences. Then: 

W-{a-) = c / \uSdx & cia+-a-) = / \IWiU)dx. 



Proof of Lemma [TJ The equation readily implies —Uxx ■ Ux + WW(U) ■ Ux = 

I 1 2 

c\Ux\ ■ Hence, 

c / \Ux\^dx ^ - f {hux\^)jx + f {W{U))jx 
Jr Jr ^ JR 

= ±0 + VF(C/(+oo)) - VK([/(-oo)) 
= - W{a-). 
Moreover, again from the equation we have 

/ \IW{U)dx = / [Uxx + dJ^dx 
Jr Jr ^ ' 

= - + c(a+ - a"). □ 

As a consequence of Lemma [TJ if C/(±cx3) — and VK(a+) = > W{ar ), then c 
must be positive. 

Take now L > and > small, such that W(u) > for |a+ — u\ < and 
W{u) < for — u\ < tq. We introduce the constraint sets: 

X+ := {[/ e [i//„,(R,e=")]^ : \U{x) - a+| < ro, x > 

:= {U e [HU^,e'"')f : \U{x) - a-\ <ro,x< -l}, 

and set Xl :~ X'^ p| Xj^ . Pointwise values make sense by means of the imbedding 

Theorem 2. (Existence of Constrained Minimizers) Let W be a potential 



in Cfg^{M.^) and two of its local minima, with W{a ) < = W{a^), and a its 
global minimum. We assume that W-'^{[W{a-),0]) is compact in R^. If L > 0, 
c > are fixed parameters, then the minimization problem 

E,{Ul) = inf [E,] 
has a solution Ul in Xl C [HI^{R, e"'"^)]^ . 

The assumption on W implies liminf|„|^oo [W^l"")] ^ 0. This will be relaxed in the 
sequel, allowing for potentials with several local minima and possibly unbounded 
negative values, by means of a localization. We denote the minimizers of E^. into 
Xl hy Ul instead of the more accurate notation [/c,l, suppressing the dependence 
on the parameter c > which (until Sec. 6) is always fixed. 

Proof of Theorem^ We first show that Xl ^ 9 together with — oo < inf;^'^ {^c} < 
oo. Since we are interested only in increasing the parameter L later, we restrict, as 
we can, our attention to L > 1. 

Claim. There exists an affine function Uaf f G Xl C\[Wl^^ (M.)]^ such that 
-oo < ^ < inf {Ec} < EciUaff) < oo. 

C '^L 
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Proof of Claim . Let XA denote the characteristic of A C M. We set 

1 — X 1 + X 



Uaff{x) := a X(-oo-i) + ( — 2~"" ^ 2~"^ ' ^[-i.i] + «^X(i,oc.)- 




Fig. 3 The device of constrained minimization which restores compactness and boundedness 

Clearly, {Uaff)x € [^i^cWl^ and exists a.e. on M. Thus, Uaff £ [-ffi^^JK, e^^^)]^. 
We calculate 

EciUaff) = I {0 + W {a- dx + I {0 + W{a+))e''''dx 

1 — X _ I + X 



+ 







a+ — a 




.2 


2 



< 



-1 12 
+ -e-'W{a~). 



W 



^ + W+( i^a- + i±^a+ 1 [ e^-dx 



Hence, if we set £;+(t/) := S^[\\Ux? + W+ {U)^ 
(5) 



e'^^dx, we obtain 



This implies the upper bound sup^ > inf;^'^^ {i<^c} < S'^Pl>i ^ciUaf f) < oo. If U 
lies in Xl, we have W-{Uix)) = O~for x > L and W+(Uix)) = for x < -L. 
Hence, for any such U, utilizing that W^{U) < W^{a^), we have 

Ec{U)^ J^f^^\Uxf + W{U)'jef-dx 

= \ I lU^l'^e'^^dx + [ W+{U)e'''=dx - [ PF" (C/)e"^da; 
2 Jr Jr Jr 

> - f W-{U)e''''dx 



> - W-{a-) 



'dx = 



a 



By regularity of solutions to ([T]), we may assume that inf Xl\E^ < Ec{Uaff) 
strictly. We choose a minimizing sequence {U^}n>i in [Hl^^{&, e''^'^)]^ such that 
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^ciU2) — > inf A'f, {ii^c} , as n ^ oo. The constraints immediately yield 

|L''£(a;)| < maxjla+l, |a"|} + ro , xe (-00, -L] U [L, oo). 
Clciim. (Uniform Bounds) There exists aC = C{c,L,W) > such that 

sup ||(c^r).||[i.(R,e-)]« ^ < a 

n>l L \ J n>l 

Proof of Claim . For any x G [— .L, X], we have the estimates 
\U2{x)\ < \U2{-L)\ + fjiU2)t\e^e^dt 

{Ul)tVe'^*dt\ , 



< max{|a+|,|a-|} + ro + I J e-^'dt) I J 



L 



^ Jr Jm. 

< E,{Uaff)- I W+{U2)e^^dx + [ W-{U2)e^^dx 
Jr Jr 



< 



EciUaff) + I W-{U2)e''='dx 

J — 00 

We conclude: 

2lK^i^^ll[L2(R,e=W)]" ^ 1 ^ + Ec[Uaff)- 

Utilizing that |f/2(a;)| < max{|a+|, |a~|} + ro for x G (—00, —L] [j[L, 00), we get 



ll^i||[Loo(M)]^ < max{|a+|,|a |}+ro+( 1 ||(t^2)x||[^2(R,ecM)]«- □ 

We may now proceed to the existence of the minimizcr. By the claim above, 
(J7£) J° is bounded in the locally convex sense in e^^'^)]^, with the derivatives 

bounded in [^^(M, e^-^'')]^: 

sup„>i||C/r||(^,(^^.,,^,„ < C{c,L,W,I) forall/CCR, 

< C{c,L,W). 

By standard compactness arguments, there is a [/^^ € [i?[Q^(K, e''^'^)]^ such that up 
to a certain subsequence [/£ — ^ Ul &s n ^ 00 weakly in [Jf[^^(M)]^ and [/£ — > Ul 
in [if^^(]R,e'='<*)]^ and a.e. on K. By weak LSC of the weighted norm and the 
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Fatou Lemma for W{U2) + {a-)x(-oo.L] > cQ, we have 

/ hiULU^e^^dx < liminf / i| pe^dx, 

[w{Ul) + W-{a-)xi-oo.L]y''"dx < 

{w{U2) + W-{a-)xi-ooM}^""dx. 



< lim inf 

n — ^oo 

Hence, the theorem foUows together with the bounds 
^ ' < E,{Ul) < hm E,{U2) 

C n — >oo 

< -e-^K^ + e^E+iUaff). □ 

3. Constrained Minimizers are Piecewise Solutions 

We will now prove that the constrained minimizers Ul of Theorem[5]are piecewise 
solutions in C[q^(R \ {—L,L})^, while t^L|(-oo,-L] and ?7l|[l,oo) are inside the 
cylinders and converge asymptotically to a*. Following [A-Fj . we introduce the 
following local monotonicity assumption: 

There exists an i?o > such that the map r i— > W{a^ + r^) has a strictly 
positive derivative for every r G (0, Rq) and every ^ € M^, |^| = 1. 



This is a rather weak non-degeneracy assumption, allowing for potentials with 
degenerate C°°- flat minima. From now on we assume, as we can, that ro < Rq, 
hence M{a^,ro) are in the monotonicity region. We will need to express Ul in 
polar form: for any U in [Hl-^^{R, e'^^'^)]^ , we set U^{x) := a"^ + p"^ {x)n^ (x) . Then 
|(C^^)a;P = iip'^)x)'^ + For any ICR measurable, we shall interpret 

integrals expressed in polar form as 

/ {ip^r + ip^r\nt\'}e^^dx, 

//n{p±>o} J 

since the imbedding [^[^^^(R)]^ ^ [Ci°^(R)]^ imphes \U^\ = a.e. on the closed 
sets U~^{{a^}), even when they have positive measure. For any p, < v inM., we set 

E4U,{p,u)) :-^ {^\U^\^ + W{U)}e--dx. 

This is the action ^ restricted on [p,iy]- 

Lemma 3. (cf. |A-Fj ] Assume W satisfies (h) and c > is fixed. Let a G {a+,a^} 
and U e [H^{p, v)]'^ with U = a + pn, and suppose that 

(i) < p{p) = p{v) < Ro (Ro as in 

(ii) r < p{x) < Rq, for all x G (/i, i/). 

Then, there exists aU £ [H^^pjiy)]^ , U = a + pn, such that U{p) = U{p), U{v) = 
U{v) and p{x) < r, for all x G (/i, v) while 

E,{U,{p,iy)) < E,[U,{p,y)). 



We owe this argument to the referee. 
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In particular, locally minimizing solutions to Uxx — ^W{U) = — c Ux on [fi, v] attain 
the maximum value r of their polar radius = | C/ — a* | only at the endpoints 

{m},{4. 

Proof of Lemma [3l We note that the proof of Lemma 3.3 in [A-F| is based 
on a pointwise deformation and thus it holds generally for functionals of the form 
/(^It^xP + W{U))d^{x) with /i a positive Radon measure. See Lemma [TU] for a 
similar argument. □ 
We now prove that in view of the polar radii of Ul are weak subsolutions of 
the operator L{p) := pxx + cpx in [H^{p, t^)]^, for all p < v < —L and L < p < v. 
We write U^{x) := + p'^{x)n^{x) (cf. Stcfanopoulos [Stef| ). 

Proposition 4. ( Constrained minimizers as radially weak subsolu- 
tions ) The minimizers Ul of Theorem [H satisfy 

weakly in Hl^^(^{L, oo) HIPl *-*}) and Hf^^(^{—oo, ~L) HIPl > 0}) • In particular, 
if W satisfies ([h|, we obtain 

{pt)xx+<Pt)x>'^- 

Proof of Proposition 01 We construct local variations that do not violate the 
constraint < tq. For definiteness we consider the case a = a~ , the other is 
similar. We take := d{x)n2{x), with 6 in C^(— oo,— L) and consider one- 

sided variations of the form 

Ul{x) := ULix) — e(j){x) = a~ + [pli^) ~ £^(2^))"-! (s^) 

(radially inside the cylinder) which satisfy the constraint for small e e [0, e^]. Since 
Ul is a minimizer of Ec^ Ec{Ul) > Ec{Ul), for all e e [0, e^]. Consequently, 

'-^(^E,{UI)-E,{Ul)] 
We calculate, using that supp(6') C (—00, — L), 



lim 



> 0. 



1 



+ W{a + {pl 



et/hi, 



h{UL)x\^ + W{UL)}e'^dx. 



Taking one-sided ^ | , we get 



[-{PL)^i^^'^"'")-[PL\inL)A +^W{a + p^n^) ■n^^{ee'''')^dx 



> 0. 



We write Oxe"^ 
-L ( 



^e'^^)a; — c6'e^^ and substitute to get 



96^=^) \dx < 0. 



We are done, since the multiplication operator Af^dd is a Frechet automorphism on 
the dense subspace ( — 00, — i) of H^^^ ( — 00, — L) . □ 
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It is now straightforward that all {Ul)l>i realize the constraint at most at the rims 
of the cylinders. 

Proposition 5. ( Contact at most at the rims of the cylinders) IfW satisfies 
©, then 

a) If := inf G K : < ro on [t, +00)}, then we have pj < ro on {x^, +00). 

b) If :— sup {t £ M. : < ro on (—00, i]}, then we have p^ < ro on (—00, x^). 

Proof of Proposition m We drop sub/superscripts L,± for p and prove only 
a), since b) is analogous. By definition, G {—L,L] and it is the time at which 
Ul enters B(a^,ro) and remains inside it for all later times. Minimizers Ul are, 
by ([hj, radially weak subsolutions: pxx + cpx > 0. Let xq G (ccJ,oo) be such 
that p{xo) = tq. Since the point xq lies in the interior of [x~l^,xo + 1], by the 
Strong Maximum Principle for weak C" subsolutions ( [G-Tj ). we have that either 
p(xo) < r, or p = ro on [x~j^,Xo + 1]. Lemma [3] implies that p is not identically 
ro, otherwise we obtain a contradiction to minimality of Ul- Hence, p < ro on 

(X++C30). □ 

Proposition 6. (Constrained minimizers are piecewise solutions) All Ul 

are solutions to Uxx-^W{U) = -c Ux m [Cf^^{^\{x^})]^ (^\C^{m.)]^ . They are 
in [Cfg^iM})]^ except possibly when x^ — zLL. 



Proof of Proposition [6] By Proposition [5l \Ul{x) ~ < ro, for all x G 

M\ [x^,x^]. Take any point x* G K \ {x2,x~j^}. By continuity, there exists an 
Eo > and a compact tubular neighborhood {M{UL{x),eo) : x £ [x* — 6,x* + 6]} 
of the graph of Ul not intersecting the boundary of the constraint cylinders, the 
assertion being trivial when x* G {x~[,x'^). This holds for as well, when x'j^ < L 
and x£ > —L. We take variations of Ul the U^ := Ul — £<?^, |£| < eo small, for all (p 
in [C^{x* - S - El, X* + S + Ei)]'^ , ei > small, whose restriction on {x* -6,x* + S) 
is dense in [II^{x* — 5,x* + (5)]^. Using that (pxs'^^ — {4'^'^^)x — c^e"^^, we easily 
get that Uxx - VW(i7) = -c Ux is solved weakly Since G [C/^Jl*^)]^ 
and {Ul)x G [Lf„^(M)]^, there exists {Ul)xx G [Lfoc(]K \ {^t})]'^ and therefore 
Ul G [C/„c(1R\ which gives that Ul G [Cf^cCl^ \ {^^f since WW G 

[cu^^r- □ 

Remark 7. (i) (Polar form of the equation) Write the equation Uxx-''WW{U) — 
— c Ux in polar coordinates Ul = + P^n^ and multiply by to get that the 
polar radii p^ of Ul satisfy the equation 

(6) {p)xx + c{p)x = p\nx\^ + VW"(a± + pn) • n. 

(ii) (Energy formula) Integrating once the equation as in the proof of Lemma [U 
we get the formula 

(7) c^v^r^^^ (w^(t^)-^) 

on any interval [/x, z/], on which U solves Uxx ~ VW{U) = — c Ux classically. 

Proposition 8. (Asymptotic behavior of constrained minimizers) If W 

satisfies (Ih|, then Ul{x) > as x ^ ±cx). Moreover, the polar radii pj of Ul 

are eventually strictly monotone inside the cylinders and also ([/l)x(±oo) = Q at 
least up to sequences. 
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Proof of Proposition [H We treat both cases together, dropping indices ±,L of 
P- 

Claim 1. The polar radii are eventually strictly monotone in the cylinders. 
Indeed, by Lemma [3] and the action minimahty of Ul, p can not be identically 
constant on any subinterval of (— oo,x^) {x^,oo). Hence, by continuity of p the 
set of critical points A :~ {p^ = 0} is discrete. Since p solves p^x + cpx > 0, the 
Maximum Principle implies that A docs not contain maximum points. Moreover, 
A can not contain more than one minimum point; if a minimum point exists, then 
at all latter points (in the unbounded direction of time) px preserves its sign on 
both sides of the critical point. Hence, p is eventually strictly monotone. 

Let now r* denote the asymptotic limit of p. At +oo it readily follows that r* = 0, 
since e''^'^W{UL) is in L^{L, oo). Indeed, 

r-L 



W+{UL)e'^dx < E,{Uaff) + 



W''{UL)e''''dx 

— oo 

< OO 



W-{a-)e'' 



< EciUaff) 

and a+ is the only zero of W inside the ball M{a~^, ro). Now we consider the limit 
at — oo. 

Claim 2. For any t CzR such that [t,t + 1] C (— oo,a;^), we have 



(8) 



< min 

t<s<t+l 



VVF(a- •? < Px{t + l)e^ - Px{t). 



Indeed, since Uxx — VVK(C/) = — c Ux is solved hy Ul on {—oo,Xj^), we integrate 
once the e'^^ - multiple of equation ^ on [t, i + 1] to find 



t+1 



{p^e'''')^dx = / e^'^i^WWia + pn) ■ n + p\nx\ j 

/ i\7W{a +pn)-n + p\nx 

VW{a^ + pn) ■ n dx 

VW{a^ + p{s)n{s)) ■ n{s) 



t+1 



dx 
dx 



mm 

se[t,t+i] 



> e'^* min 

t<s<t+l 



Utilizing assumption (0, we obtain 



Since the limit of p at — oo exists, there exists a sequence Xn — > — oo such that 
Px{xn) — > 0. Suppose first that eventually px > 0. By setting t := a;„ — 1 in ([5]) 
and employing the monotonicity of p, we have 



< min 



yW{a- + p{xn - • e < Px{xn)e''. 



By employing that p(x„ — 1) — > r* and that Px{xn) — > as n — > oo, in the limit 
we obtain VTy(a^ + r*^) • ^ = for some ^. Since a~ is the only critical point in 
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(a ,ro), it follows that r* = 0. Similarly, if < 0, we take t := a;„ to get 



< min 

l?l=i 



P'X (^n ) 



and again by passing to the limit as n — > oo it follows that r* = 0. 

Now we consider the convergence of the derivative. By multiplying (H)) by p and 

adding (px)'^, we obtain the identity 

1 



(9) 



pVW{U) ■ n 



[P )xx +c{p )x 



Since p^ is also strictly increasing and has a limit at — oo, we get {p'^)x > and that 
there exists a sequence ^„ — > — oo such that {p'^)x{£,n) — * 0. By ([9]), assumption 
(|h)) and integration on — 1,^„], we get 



< 



\Ux\ dx < 



1 



{p%{in) - {p%i^n ~ 1) 



p'(Cn)-p'(en"l) 



1 

< - 

- 2 



□ 



{p%i&.) + Cp\Cn)\ — >0, 

as n — > oo. The proof is complete. 

We conclude this section by proving that {Ul)x G but not L-uniformly. 

In addition, Ul satisfies the first formula of Lemma [T] approximately, up to some 
additional terms which relate c with the jump of {Ul)x at the rims. 

Proposition 9. (Approximate relation for c) The 1 -sided derivatives {UL)x{iL^) 
of Ul exist, and 

\{UL)x\'dx = W-{a-) + l{\iUL)xi-L+)f -\{Ul)x{-L-)\') 
+ l{\iUL)xi+L+)f -\iUL)xi+L-)\'). 



In particular, {Ul)x G [L' 



N 



Proof of Proposition [51 Proposition [H] assures that we can apply formula ([7]) on 
(— oo, — L — e), {—L + e, L — S) and (L + 6, oo) for e,S > small utilizing by [8] the 
asymptotic behavior of C/l's and the continuity of W. We obtain three relations on 
these intervals. Utilizing Holder's inequality, we easily find 

\iUL)xi-L-e)\<V2(w{ULi-L~e)) + VF-(a-))', 



(Ul) 



-L + s) < 



V2( ce 



;(L-E 



\{Ul)x\ e^^dx - W{Ul{+L~6)) 



L+E 



+ WiULi-L + e)) + \\{UL)xi+L-S)fj , 
I {Ul)x{+L - (5)1 < V2(w{Ul{L - 6)) - W{Ul{-L + e)) + ^\{Ul)x{-L + e)\' 

1 

|(f/L)x(+i + <5)| < x/2f ce-^(^+^' J(f/i),|V^dx + W{Ul{L + S))\ . 
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Letting e — > 0+ and 6 — > 0+ separately, we obtain that the moduh of the one- 
sided hmits exist, but may differ. Adding these relations and letting e, 6 — > 0+ 
we obtain the formula for c. □ 

4. The Local Replacement Lemmas. 

We recall some basics from Differential Geometry. The canonical coordinates 
{p, d) on with respect to a convex set C C are defined by 

(10) u -. p + dn 

where p is the projection on the convex set C, G C, d the signed distance from dC 
and n the outward unit normal of dC. The latter is parameterized by the local 
coordinates 

M^^igs = (si,...,sjv-i) ^ p(si,...,SAr_i) e 9C. 
We may assume that the set of vectors 

(11) ^ ^ U . t = l,...,N-l, 

OSi 

is an orthonormal frame in the tangent space at p, coinciding with the principal 
curvature directions f [DC| . p. 144, p. 216). Thus, 

Oti -* 

(12) — — = Kiti, Ki = Ki{s) the i-th principal curvature of dC. 

OSi 

The coordinate system (p, d) is defined for —do < d, provided that do^i < 1, 
i = 1, ...,N — 1 f [G-Tj ). The orientation is such that > when C is convex. We 
write 

(13) U{x) = p{x) + d{x)n{x), 
meaning p(a;) —p{s(x)), n(x) — n{s{x)). By differentiating (fTS]) . 

U{x) = p{x) + d{x)n{x) + d{x)n{x) 
— tiSi + dn + dKitiSi. 



Hence, 

(14) \U{x)\' = ^^2(l + .^,d(x))2 + {d{x)f. 

1=1 

Let now C C M.^ be a convex set and assume that 

(15) W„ • n > y > on dC\ 

where W £ C^(R^) and {p,d) the canonical coordinates associated to dC . By the 
smoothness of W and (|15p . there is a J > such that 

(16) d I — > W{p + dn) is increasing for — d < d < d. 

Lemma 10. Let xi < X2 m R and U E [H^{xi,X2)]'^ be such that 

(i) d{xi) = d{x2)_ = 0, 

(a) < d{x) < d, for X G (xi, 2:2). 

If (|15|) and (|16[) are satisfied, then there exists U E [H^{xi,X2)]^ with the following 
properties: 

Uixi) = C/(xi), Uix2) = Uix2), 
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—d < d{x) < 0, for X ^ (xi,X2), 

Ef,{U, {xi,X2)) < Ef,{U,{xi,X2)), 
where U{x) — p{x) + d{x)n{x) and 

E,{U,{x,,X2)) := (^^\U{x)\' + W{U{x))^ dfi{x) 

where fi is a positive Radon measure on M. 

Proof of Lemma [To] (cf. Lemma 3.3 in [A-F] ). Let cj) : [0, 1] — > R be a smooth 
fmiction such that 0(0) = (f){l) = 0, 0(ct) > for ct G (0, 1). For smaU e > define 

V^ix) p{x)-e(l)(— — —]n(x), xe\xi,X2], 

\X2 - XiJ 

where U{x) = p{x) + d{x)n{x). By (fT4|) . we have 

JV-l N-l N-1 

i—1 i—1 

We note that 



{x2-XiY' 

Thus, we have that 

E^{U^,{x^,X2)) ^ E^{U°,{x,,X2)) 

I-X2 N-l ^2 rX2 N-l 

(17) - e + T / E 

(W{p) - Wip- e(t)n)jdfi 



e 



2 /•a:2 



4)'^dll. 

XI 



{X2 - Xif 

By (fT6|) , (ii) above and convexity of C we have 

(18) Ef,iU°,{xi,X2)) < E^{U, ixi,X2)). 
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On the other hand, p6|) also imphes 

(W{p) - Wip-ecj,n))dti + f \'^df, 

1 ^ \ 

, -—{W{p — eT(j)n))dT)dfi 
d,T J 

(19) + ^ / cj^''d^^ 



xi 



xi 

^2 



2{X2 - Xi) 



{p — eT(f>n) ■ (finj drdfj, 
(t)'^d^i 



X2 

'2, 



< -Ce + / ^"dn < 0, 



for some C > and smaU e > 0. Finally, we observe that by the convexity of C , 

rX2 N-l ^2 rX2 N-1 

"'^1 1=1 "'^1 i=i 

for small e > 0. From these inequalities and pT|) . the lemma follows with U :— W^, 
0<e«l. □ 

Hypotheses 

(HI) W ■.R'^ — > R, C^, with two minima 1^(0') < W{a+) = 0. 
(H2) {u\W{u) < 0} =: Co U {a+}, Cq" compact, convex. 

(H3) (i) Wu • n > Co > on OCq ~: {W ~ 0}(-)i ^ the outward unit normal on 
dC,. 

(ii) W^™>co/ on{W^ = 0}(_). 
Remark 11. a) By smoothness of W, there exists a b > such that 

(20) W„„ < bl, on {u|VF(w) < 0}. 

b) (H3) implies that the set {m|W^(u) = /?} for < /3 << 1 is made up of two 
components, which we denote by 

{W^ = /?}(_) and {t^ = /?}(+), 

with {W = /?}(-) convex and enclosing a~. On the other hand, for /3 < (|/3| << 
1), {w|H^(u) = (3} is made up of one component which is convex. So more precisely 
there is an > such that {W = /3}(_) is convex, ao < /? < ao- By the 
smoothness of W, 

(21) w,,-n > ^ on {W^ = /?}(_), ao</3< ao- 
Note that the sets {W — are nested for ao < (3 < ao. 
Now we take a G (0, ao) and furthermore restrict it as follows: 

(22) < a < =: oq. 
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where A is a fixed number satisfying the conditions 

0<A<^, 0<A<do, A< ^, 

Zb inax|Ki, KAr_i j 

with b as in (|^D|) above, 

da = dist(^{W^ = q;o}(-),{VI^ = -ao}(-)), 

and Ki, kat-i the principal curvatures of {W = /?}(-) (aU positive by convexity). 
We note that 

(23) W{p - \n{p)) < 0, for p e {M^ = 

Indeed (dropping p in n{p)), 



W{p) - W{p - Xn) = - [ 

Jo 



^ d 



^^[W{p-tn)]dt 



X 

{Wu{p - tn) - Wu{p) + Wu{p))-n dt 





A f° d 

Wu{p) -ndt - / —{Wu{p - sn)ds) ■ n dt 

Ja Jt as 

Wu{p) ■ ndt — / / Wuu{p — sn)n ■ n dsdt 

Jo Jo 

> yA - ^A^ m,m) 



Therefore, we have 



and so (by ^ ) 



W{p) - jA > W{p - An) 



> a - jA > W(p~Xn). 



Lemma 12. LetC denote the component of{u\W(u) > a} with dC — {W — a}(_). 

Let (p, d) he the canonical coordinates with respect to C. Assume that a is as 

in (|22p . and assume that (HI), (H2), (H3) hold. Let also Xi < a;2 G M and 

U e [H^{xi,X2)]'^ be such that 

(i) d{xi) = d{x2) = 0, 

(a) d{xQ) > 0, for some xq £ (a;i,a;2)- 

Then, there is a U £ [H^{xi,X2)]^ with the properties 

U{xi) = [/(Xi) , U{X2) = U{X2), 

where —do < d{x) < 0, for x G (xi, 2:2), and 

Ef,{U, {xi,X2)) < Ef,{U,{xi,X2)), 
where U{x) — p{x) + d{x)n(x). 

Proof of Lemma [TH (cf. Lemma 3.4 in [XT] ). Let 

pi\i :— max d(x). 
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We can assume that d{xo) — PM- We first analyze the case d{xQ) — pM — 0. 
In this case we can assume that d{x) < for some x G (a;i,a;o) {x G (2:0,2:2)), 
since otherwise, by Lemma [TU] we can replace U with a function that satisfies this 
condition and has less action. From this and the continuity of U it follows the 
existence of G (2:1,2:0), £2 G (2:0,2:2), — ^ < d < 0, such that d{xi) — d{x2) — d 
and d < d{x) < 0, for x e (xi, X2). We now consider the parallel hypersurface to dC, 
parameterized by p + dn{p), p G dC. This is convex, and denote it by dC . It can be 
deduced by ([21]) that condition p5|) holds ondC. Then we can apply lemma (fTO|) on 
dC and obtain a local replacement between xi and X2 and conclude that the claim 
of the lemma is true if pM = 0. Therefore we can assume pM > 0. If < pm < c^o, 
again we can conclude by Lemma [10] applied to the connected component Iq of 
the set {2: £ (2:1, 2:2)|o?(2:) > 0} that contains xq- It remains to analyze the case 
Pm > do. We can identify (2:1,2:2) with /q. Let h : [0, do] — > 0], /i(cr) = "'^^j 
then h{0) = 0, h{do) — —A. We define the deformation 



p{x) + h{d{x))n{x), for x G [2:1,2:2], d(x) < do 
p(x) — Xn{x), for x G [2:1,2:2], d{x) > do, 



U{x) := 

U{xi) — U{xi), U{x2) = U{x2)- For the kinetic energy we have the estimates 

N-l 

|{/(a:)|2 = ^ s2(^_^^^^(^))2 ^ ^2(^^ 



i=l 

N-l 



> sUl + >irhf + {h'{d)fd^a 

i=l 

when d{x) < do, while for d{x) > do we have 



i=l 

> ^s?(l + M(x))2 

i=l 



i=l 

\U{xr- 



Hence, 



f ' \U{x)\'^dn{x) < I ' \ij{x)\'^d^i{x). 
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For the potential energy we have the estimates 

W{U{x)) = W{p{x) + h{d{x))n{x)) 

= W(p{x) - ^^n{x)) 

< W{p{x) + d{x)n{x)) (bydUD) 
= W{U{x)), 

when d{x) < do, while for d{x) > do we have by (pS)) and (H2) that 

WiU{x)) < < W{U{x)). 
Putting it all together, we have 

W{U{x))dfi{x) < / W{U{x))dn{x). 

The argument so far establishes that 

Ef,{U, {xi,X2)) < Ef,{U,{xi,X2)). 
The proof of Lemma fT2l is complete. □ 

5. Action Properties of Minimizers 

We now show that Ec{Ul) is a function of the jumps at the rims | (J7L)a;(±L+) — 

\iUL)x{^L~)\^ , while Ec{Ul) = for minimizers in [C^(]R)]^ which solve U^x — 
\'W{U) — — c Ux on R. To prove this, we derive an equipartition relation at +oo 
(see |A-Be-C) . |A-Fj and our result Lemma [15]). We first need a formula for the 
action of solutions: 

Lemma 13. (1st integral) Every solution to Uxx—'^W{U) — — c Ux in [^^(/i, i/)]^ 
satisfies: 



{^\Ux\^ + WiU)}e--dx = }^\W{U) 



lUx^ 



Proof of Lemma [131 The equation Uxx — '^W(U) — —c Ux implies —Uxx ■ Ux 

I 1 2 

VW(U) ■ Ux — c\Ux\ , hence we obtain 

^'Ux?-W{U)] - ~c\Ux\\ 



Integrating by parts the e'^^ - multiple of this equation, we get 



2 



\Ux 



{Uxl^e'^^'dx - (e"^VK(t/)) " + c W{U)e''''dx 

= -c / \Ux\ e'^'^dx. 
which leads to the desired formula. □ 
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Lemma 14. (The action in terms of the jumps) The minimizers Ul satisfy 



w^oo c \ 2 1 

+ ^ {\iULU+L+)\' \iULU+L-)f) 



N 



The sum edUL) comprises "error terms" which vanish if C/^ e [C'ioc(-'^)] 

Proof of Lemma[T31 First note that Ec{Ul) — lini^^ooEc{UL, (— oo, w)). Apply 
Lemma |13I to Ul which is a piecewise solution on {—oo,—L), (—L,L), {L,uj) and 
add the three relations, utilizing the continuity of W{Ul) at ±L. Finally, let 

LU > OO. □ 

Solutions to Uxx = VVK(C/) in the well-studied case of c = satisfy an equipartition 

I 1 2 I 1 2 

property: 2VF([/) = |C/2:| . Our dissipation term —c|C/a;| forces a similar behavior 
but at +00. 

Lemma 15. (Equipartition limit of the energy at +oo) The minimizers Ul 
satisfy 

— \W{UL{i^))-- ^1 =0. 



lim 



Proof of Lemma [T5l By the formula (O for /i = i/ = cx) and Proposition [U we 
have 

\{Ul).{^)\' 



This gives 



„ ^ e''^ (\{UlUu^ , ,A r^,^. , ,2, 

< — I 2 W{Ul{uj)) I ^ J \iUL)x\ dx 

poo 

< / \{ULU%'^dx. 

J UJ 

By Proposition [9l we have {Ul)x & [L"^ {R, e'^^^)]^ . Hence, letting cu — > oo we are 
done. □ 

Corollary 16. (The action measures the jump discontinuities) We have 
that Ec{Ul) — ec{UL), with ec{UL) as in Lemma \T^ In particular, Ec{Ul) — if 

ULGiciMr- 

6. Implications of the Local Replacement Lemmas. Determination of 

THE Speed. 

We first introduce our main hypothesis on the potential (cf. (H1)-(H3) in Sec. 4): 

, . W is in Ci2^(M^), a± are minima, W{a-) < = W{a+) and minMiv{M^} 
^ ' = W{a^). Moreover: 
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(1) There is an ao > such that for all a E (0, ao], we have W ^({a}) = 
dC-UdC+, {u e R^\W <a}= CUC+, where C^,C+ are disjoint compact, 
convex sets with boundaries, containing respectively. Moreover, 
Wu • n > Co > on dC^ and Wuu > cqI on OCq , n the outward unit normal 

(2) The map r i-^ W{a~ + r^) has a strictly positive derivative as long as 
a-+r^eC-, = r>0. 

Assumption implies liminf|„|_^oo{W^(u)} > ao, thus W satisfies 

W-\[W{a~),0]) CC M^, 

which was assumed in Theorem [5] 

Definition 17. For a £ (0,ao] and L > 1, we set 

sup{a;eM : \Ul{x) — = ro} , 
A;^ := inf{a;eR : \Ul{x) - a+\ ^ ro} , 
XI- sup{a;eR : C/lIx) £ 9(0}. 

We will show that Ul intersects exactly once any of the sets 9B(a~, ro), 9B(a+, tq), 
dC~ . Decreasing a > if necessary, we may assume C+ C B(a+,ro) and that 
B(a+, To) is disjoint from C~ . 

Proposition 18. (Global a priori control on action minimizers) Assume 
W satisfies ^ and a is as in Definition \17\ and let {Ul)l>i be the family of 

minimizers of Theorem\^ For all L > 1, we have 

(I) Ul exits precisely once at x = A^ , that is 

xe{-oo,X1-] =^ W{ULix))<a. 

(II) The image Ul{^) restricted to \ (C^ IJ ^o)) has only one connected 
component and 

W{Ul{x)) >aforxe [A2",A+]. 

(III) The image Ul(^) restricted on C^T IJ B(a+, ro) has precisely two connected 
components and 

W{Ul{x)) < a for some x E M. then either x E (— oo, A£], or x E [Aj, +oo). 

(IV) The numbers A^ are well defined as the unique times at which Ul crosses the 
spheres 9(B(a^,ro)). 

(V) The polar radii = \Ul ~ | are strictly monotone on [AJ, +oo), (— oo, A^^] 
respectively. 

Proof of Proposition [THl 1. We first settle A^. We note that Lemma 3.4 of 
[A-F] applies because the local replacements in its proof are pointwise, and because 
W{a~) < W{a~^). Thus, A^ is unique and half of (IV) is estabhshed. 

2. Next we settle A^ . By applying Lemma [T2l we obtain the existence of a unique 
intersection of Ul with dC~ , and so (I) is established. 

3. We handle A J as follows. Assume by contradiction that Ul intersects 9B(a''", ro) 
more than once. Then, there are xi < X2 such that UL{xi) E 9B(a+,ro), i — 1,2 
and UL[xi) ^ B(a+,ro), xi < x < X2- Since by step 2. above, Ul can not intersect 
dC^ for those x's, it follows that Lemma 3.4 in |A-F| applies and leads to a local 
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replacement with less action and thus to a contradiction. Thus, by step 1. above, 
(IV) has been established. 

4. The previous arguments show that Ul{x) can not exit C~ before x = X1~ and 
can not enter B(a+,ro) before x — Aj. Thus we have control on the intervals for 
which is in the monotonicity regions, which implies the bounds 



Pl 



< max hi — a 



l^i|lL~(A+ oo) - ^0- 



It follows that Lemma [3] can be applied to the minimizers inside B(a^,r) with 
r > To showing that they can not be identically constant on any subinterval. By 
(l/t*P . satisfy {pf^)xx +ciPL)x > 0. By the Strong Maximum Principle, both pf^ 
can not have local maxima, thus they are strictly monotone. By Proposition [8] it 
follows that the same is true for r < r^, thus (V) has been established. □ 

Remark 19. We have the ordering —L < A^^ < Aj. We will prove existence by 
showing that for some L < oo large, the constraint is not realized: — i < A^ and 
AJ < L strictly. We define 



A° := sup{x e 



Note that < < X^- < A+. 



In the sequel we will need the following estimate. 

Lemma 20. If dist{C~ ,M{a~^ ,rQ)) =: da, then for all a € [0, ao] and L > 1, we 



have 



c di 



2(e 



-cA? 



Proof of Lemma [501 We have the identity 



W-iUL)ef'=dx + / W+{UL)e'=''dx + 



UUlU e'^'dx. 



We estimate each term separately, recalling that W{Ul) > a on [A^ ,Aj] and 
W-IUl) < W-{a-): 



W-{UL)e''''dx < W-{a-) 



e'^^'dx 



W^"(°') ,cAO- 



W+{UL)e''''dx > 



W+{UL)e'=''dx 



> a 



-,cA 



cA . 



e — e ^ 



da < \ULiXr)~ULiXt)\ < 



\iUL)x\dx 



< 




{Ul)x\ e^^'dx 
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e^'^^L — e^'^^i \ / I |2 



Hence, we have 

< — j JJiUL).\^e^^dx. 

Putting these bounds together, we obtain the desired estimate. □ 

The speed of the travelling wave. Thus far, aU the results were vahd for an 
arbitrary c > 0. It is easy to see that the specific c = c* that guarantees existence 
should be very special: by Proposition [51 

(|(f/L).(+i+)|' - \iUL)A+L-)\') + {\iUL)A-L+)\' - \iULU-L-)\') 

+ 2W-{a^)^ 2c / \{UL)x\^dx 
Jr 

> '^cj \{UL)x\^dx 

^ c\ULi+L)-ULi-L)\^ 
L 

> |(|a+-a-|-2ro)', 

which shows that if c — > +oo we can not achieve the smooth matching of piecewise 
solutions at any L < oo. On the other hand, by Corollary [11] and the a priori bound 
dni, we have 

e+^^ [\iULU+L+)\' - \{UlU+L-)\^) + e"'"^ (|(i7i),(-i:+)|' - \iUL)A-L-)f) 

= 2cE,{Ul) 

< 2cE,{Uaff) 

< -2e-^W-{a-) + 2ce^{E+iUaff)), 

which shows that derivatives can not match if c — > 0+. The desired c = c* is 
the specific value, at which, for sufficiently large L > L* > 1, Ec{Ul) — 0. This 
behavior of -Ec>o is not present in its £'c=o counterpart ( |A-Fj . |A-Be-C| ) but it 
is plausible: Uxx — VVF(/7) = — c Ux is translation invariant while ([3]) is not. 
Translates U{- —5), (5 ^ of solutions occur as minimizers to a rescaled e'^^E^, but 
both waves have the same action only if Ec{U{- — S)) = Ec{U) = 0. 

Remark 21. Note that for fixed c > 0, the function L i — > Ec{Ul) : [l,oo) — > 
( — oo, Ec{Uaf f)] is non-increasing in L: as L increases, Xl increases {L < L' 
implies Xl C Xl') and Ec[Ul) decreases (see Sec. 2 for definitions). 

The next two estimates are key ingredients and will allow determine of the speed 
and establish existence. The full strength of is employed to show that Ul can 
not get trapped for infinite time inside C^T, after exiting the ball B(a~,ro). We set 

-^max max u — . 
uedc^ 

Lemma 22. IJW satisfies (h*), there exists a w* > such that if a [O,cko]; 



(cRZ^j' + 2w*\R'^,,^-ro\ 



(24) =: A„ 
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As w* we may take 



mm 

l?l=l 



W{a- +t^) 



Proof of Lemma [221 Writing Uxx — VW{U) = — c Ux in polar form Ul = 
a~ + p^iT-L^ g'^t ® ■ Employing (2) of (f7t*]l on [A^, A^^] C [—L, L], we estimate 

{Pl)xx + c{pl)x > S/W{a^ + Pin) -nl 



d 
dt 



t=p. 



M^(a" +tnl) 



> min 

ro<r<R° 



W{a- + to 



w* > 0. 



Integrating once {pj^)xx + c{Pl)x ^ "u^* on [A^,x], a; < A^ we get 

{pDx + cpl > w*{x-Xl) + {cpliXD + ipi)4{xi)+)}. 
By Proposition [T51 we have { . } > 0. By a further integration, 

{pl)z{z)dz + c {pl){z)dz > w* {z — Xl)dz. 

Set X A^ . We utilize the a priori bound ||^oo[_)^- x"^] — ^max ^^^i that the 
right term equals ^ [A^^ — A^] ^ to obtain 



A?- - X-, 



{p-Mdz\ > !^[A2--AI], 



which gives the desired inequality. Setting A^ — Xj^ =: x and comparing with the 



solutions of the parabola ^x"^ — {cR^^^)x — |i?max — < we obtain 



A?--A7 < 



I •'max ' I 

Ar - Az 



cR" 

max 



which clearly implies ([M]) . 

Lemma 23. For all a G (0,ao]) we have the implication: 



□ 



(25) E,{Ul) < 



^ ^ ~ c V a 



Proof of Lemma [231 Follows directly from the estimate of Lemma [ 
> E.iUL) 

cd^ 



c c\ J 2(1 



> 



{-( 



+ + e<>'t->^l )|. □ 



Corollary 24. The length of the time interval [A^ , Aj] for which the graph of 
Ul remains between the constraint cylinders is L - uniformly hounded as long as 
Ec{Ul) < 0. 
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Proof of Corollary [24l By Lemmas [22] and [23l we have 

(26) < Aa.+ + Aa,_ 

= : A < oo, 

provided that Ec{Ul) < 0. This proves the bound. 



□ 



Proposition 25. (Determination of the speed of the travelling wave) There 
exist c* > and L* > I such that, for all L > L* , 

E,,{Ul) = inf [E,,] = 0. 
The proof consists of several lemmas. 

Lemma 26. For any L > I and any V G Xl, both fixed, the function c i — > Ec{V) 
is continuous on F := {c > : \Ec{V)\ < oo}. 

Proof of Lemma [211 Let Cm — > Coo > as m — > oo. Since V € X^, we have 
= > on [L, oo) and as a result, for any c£ F, 

< 



-\VA' + W{V)\e'-dx 



Ec{V) 



< E,{V) 



< oo. 



-\V,\^ + WiV)]e''^dx 



sup \W{V)\ 

(-oo,L] 



e'^'^dx 



Hence, for m large we have on (L, +oo) that 



W{V)j 



< 2 ( -\V^ 



W{V)] 



-Id 



e L^{L, +oo). 



Again for any c F, we have 



W{V) 



e'^'^dx < 



^\V,\^ + WiV)}+ 2\WiV)\]e''^dx 



< Ec{V) + 2 sup \W{V)\ I e'^'^dx 



< OO. 



Since Cm — > c^o as m — > oo, if we choose m large enough such that Cm < |coo, 
we have e'^"^ < e'^°°^e~5^^ for all x < L. Hence, for m large we have on (— oo, L) 
that 



^\V.\' + WiV)]e 



^Cmld 



< e 



^|KP + l^(V^))e^^'^ eLi(-cx3,L). 



By the pointwise convergence {^\V^\^ + W{V)) e"-^''^ — > {Wx? + W{V)) e" 
as m — > oo, the lemma follows by application of the Dominated convergence 
theorem on (— oo,L) and (L, +oo) separately. □ 
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Recall that U l has so far always denoted the minimizer of Ec into Xl for fixed c. 
We will temporarily denote the dependence of C/l on c explicitly by Ul,c- Following 
an idea of Heinze [Heij , we introduce the following set 

(27) C := |c> I 3 L > 1 : E^{Ul,c) < o}. 

Lemma 27. The set (j27[) is open, non-empty and sup C < ^IW" {a^)dQ^^ . 

Proof of Lemma [571 By observing that C equals the set 

^^c>0\3L>lk3VeXL: Ec{V) < o|, 

Lemma [26l implies that C is open. By the bound dH) on C/aff G C\l>i ^l, we have 
/(c) > Ec{Ui,s), where 



/(c) e-- (^^-^W-{a-)+e'-E+{U,s)^ 



Moreover, the equation /(c) = has a unique solution cq > since / changes sign 
and /' > on (0,00). Hence, (0, cq) C C ^ 0. Moreover, by Lemma [20l for c € C 
fixed, we have 



> E,{V) > E,{Ul) > e^^i" 



W-{a-) cd- 



c 2(1 -e-=(^I-^r)) 

which implies that > c^d^ — 2W~{a^). Letting a — > 0+, we finally obtain 



< Co < supC < ^/2W-{a-)dQ'^. □ 



Lemma 28. Suppose that L > 1 is fixed and we have a sequence C 9 c„j — > Cqo 
as m — > 00, Coo > 0. Then, there exists a subsequence Cm,k — *■ Coo along which 

Ec„,,AUl.c„,_J — > Ec^{Ul,c^), as k — > 00. 

Proof of Lemma [551 Fix e > and choose V £ Xl such that Ec^ (V) — e < 
Ec^{Ul.c^) < Ec^{V). Since c™ — > Coo, by Lemma we can choose m(e) G N 
large such that \Ec^{V) — Ec^{y)\ < e, for all m > m{e). Thus, 

< E,^{V) +e 

< E,^{Ul,cJ +2e, 

which implies 

(28) limsup E,^{Ul,cJ < E,^{Ul.cJ- 

m— i-oo 

By arguing as in the proof of Theorem [2l there exists a subsequence 

^m.k ^ Coo 

along which Ul,c„, , -^U in [CO,(R)]^ and , ^ U weakly in [iJi„^(R)]^, 

as k — > 00. By weak LSC of the norm, we have 

liminf i / |(C/l,c„ J.pe^-'=^dx > i [ \{UL,cJ.\^e'-''-'dx. 

For k large, we have the lower bound 
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which is an L^(R) function. Hence, the Fatou lemma impUes 

Uminf / W^(C/l,c„ Je^- '-^da; > / W^(C/L,c^)e'=~^da;. 
We conclude that 

(29) liminf E,^^{Ul.c^,) > E,^{U) > E,^{Ul,cJ. 

k—*oo 

Putting (Hg) and ^ together, the proof follows. □ 
Lemma 29. If c* := sup C, then Ec.{Ul,c') = for all L > A. 



Proof of Lemma [291 By ([271) . there exists a sequence C 3 Cm — > c* as m — > oo 
such that Ec„^{Ul^.c^) < 0. By the negativity of the action we may employ the 
bound ([26]) to obtain 

which is uniform in m G N. Moreover, since Ec^{UL^^cm) < 0, we necessarily have 
A J = Lm, since otherwise a translation to the right would contradict minimality 
of C/l„,c„- By observing that the translate Ul^,c^{- + Lm) is in Aa, we have 

EcAUa,cJ < ^c,„(C/l,„,c„(- + L™)) 
< 0. 

By Lemma [551 the passage to the limit as m — > oo (along a subsequence if neces- 
sary) implies 

Ec'{Ua.c') = hm Ec^{Ua.cJ 

m—>-oo 

< 0. 

Since c* = sup C and C is open, c* ^ C and as a result E^.' {U\^c* ) > 0- By Remark 
[2T] and ([l?]), we conclude that i;^* (C/l,c* ) = for aU L > A. ' □ 

Proof of Proposition [23 By putting Lemmas [221 [271 [251 and [211 together, the 
proof of Proposition [2S1 follows with c* ~ supC, L* = A. □ 

Proposition [25l provides a c* for which i?c* (C^l) — for large L and this is sufficient 
for existence. However, c* is the unique possible speed of minimizing travelling 
wave^: 

Proposition 30. (Uniqueness of the speed) Assume that a minimizing solution 
(U,c) to ll]) exists. Then, there exists precisely one constant c* such that {U,c^,) 
solves ([T]). 

Corollary 31. Since minimizers of ([3]) have vanishing action, we have = c*. 
Hence, Provosition \25\ vrovides the unique constant for which Ec*{U) — 0. 

Proof of Proposition [30l Let (Ui,cl), (1/2,02) be two solutions of ([T]) with 
< c* < C2 and possibly Ui — U2- The differential form of the formula in Lemma 
[His 



|2 



W{U) 



W{U) 



^this fact together with a sketch of its proof has been kindly pointed out by the referee. 
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We set c := €3, U :— ?7|, multiply by e'^^^ and integrate by parts the right hand 
side to obtain 



WiU2) ]dx ^ I — 



W{U2) 



(4-4)1 — 

t '^2 



W{U2) 



dx. 



We rewrite this identity as 



W(U2) 



t 

-t 



+ W{U2) dx 



-t 
t 



W{U2) - 



W{U2) - 



\{U2)a 



2)x\ 



dx 
dx 



c*2 I e''-\{U2).\^dx 



dx + cl e''^''W{U2)dx 



{c*2-cl) / e^in(C^2)xpdx + clE,,{U2.{-t,t)). 



Hence, we have the identity 

c\E,,{U2.{-t,t)) = {cl-cD I \{U2U^e<^dx + 



W{U2 



By Proposition ([8|), {U2)x — > as i ^ ±00 up to sequences. Since i?c*(^^2) — 0, 
we have 

\iU2)x\^ gc^x^^ ^ f w~{U2)e'''^''dx 



< W-{a-) 



< 00. 



where L2 is a large constant as in Proposition 1251 Hence, since c* < C2 we may let 
f — !■ cx) to obtain 



clE,,{U2) = (cl-c;) / |(C/2).|^e^i-dx <0. 
Jr 

But this contradicts that Cii?c*(C^2) > 0. □ 
We therefore in the remaining assume that c — c* , the unique speed provided by 
Proposition [25l 

A Variational characterization of minimizing travelling waves. Summariz- 
ing, solutions ([/, c) to the system of equations 

E,{U) = inf {e,{V) : V G [iJ^W]"^, l^(±oo) = a±} , E,{U) = 0, 
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are heteroclinic travelling waves and solve the differential equations 

" U^x - VWiU) = -c 
U{±oo) = a±. 

Both the weight e'^^'^ of ([3]) and its minimizer are unknown. The first equation of 
the system involves the minimization problem for Ec in the class {Ec | c > 0} and, 
the second one selects c = c* so that the minimum zero. 

7. Removing the Constraints. 

In this section we prove existence of solution to problem (fl]). 

Theorem 32. (Existence) Assume the potential W satisfies ([h|, Then, 
there exists a travelling wave solution {U,c) G [C2(M)]^ x (0, +oo) to 

U^x - VWiU) = -c 
C/(±oo) = a±. 

The speed c equals the constant c* in Proposition \25\ which is unique. In particular, 
E,.{U) = Q. 

Proof of Theorem[32l Bv Proposition[25l we have E^. (I7l,c*) = 0, for all L > L* . 

By Corollary [24l if we choose L > A we obtain a minimizer U :— Ul oi Ec with 
c = c* for which Ec{U) — 0. Thus either f7 or a translate U{- — S) (with necessarily 
the same action) does not realize the constraint, solving ([T|) on M. The proof is 
complete. □ 

Corollary 33. The speed c* has the variational characterizatioi^ 

inf EJV) < ol , 
vex ^ ' I ' 



sup c 

oo 



where X := {V £ [Hlci^)]'^ : V{±oo) = a±}. 

We now derive a priori bounds on c*. We take t > and consider the afhne 
[W"ior(K)]^ function 

f t — X t + a; \ 
(30) Ulfj{x) := a-X(-oo.-t) + (^^"" + ^^"^) ^[-^A + «^X(i,oo)- 

Proposition 34. (A priori hounds on c* ) There exist < c,nin < Cmax < oo 
depending only on W , such that 

Moreover, if do := limQ^^o+i^a, then 



"min — sup 
t>0 



V2W-{a-) 
do 

W~(a-) f I (\a+ - a-\^2 f\^.ft-x_ t + x. 



_j X 2t 2t 



dx 



■^Analogous characterizations have been obtained in IH-P-S| and IHel for other traveUing wave 
problems. 
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Proof of Proposition [34l The upper bound follows by Lemmas [27l and [29l For 

the lower bound, we utilize (I30|) and take as we can t = L. This gives as in ([5]) that 
the inequaUty = Ec{Ut) < EdU^ff) implies 

< -e~"* ^ — - + e"' \- +W+(——a- + ——a+]\dx. 

c J_t\2 2t \ 2t 2t J i 

Hence, for alH > 0, 

e2c* \J^t^2 2t \ 2t 2t ) \ j 

Utilizing the upper bound and maximizing with respect to t > 0, we are done. □ 

8. Extensions. 

Utilizing ideas related to those in [A-F] . we relax to a localized version. The 
new requires the existence of two convex components of the sublevel set 

{W < a}, but only when W is restricted in a large convex ft C without any 
restriction on VF|cxt(o)- As a consequence, allows for potentials with several 

other minima and/or unbounded values to — cxd. 

There exists a convex closed set O C M.^ which encloses the minima 
/u**\ ^'^^ satisfies (H3), such that holds for W within ft. Moreover, 
The values of W on dfl exceed those in the interior : if m G mt(p,), then 
W{u) < mmgnW. 

Example 35. (N-d potentials satisfying (|fe*p . ) (i) We construct a de- 

formation of the 2-well potential W{u) \u — a+|P|u — a^j^, p > 2, u G M^. We 
take e > and set 

:= {eexp a^P - 5^)"^) + l}XB(a-,5) + XR"\B(a",5), 

where C :— iTL&yi\^_a-\=s{W {u)} and define W^u) := F^{u)W{u) — C{F^{u) — 1). 
The potentials satisfy our assumptions and — W — s- in C'^{M.^), as 
0+. 

(a) (G. Paschalides) The following deformation of the 2-well planar potential 

{W{ui,U2) , Ml < , M2 e R, 

W{ui,U2) - C[Qul - ISwf + lOuf] , < 1*1 < 1 , e M, 
W{ui,U2) - C , ui > 1 , U2 e M, 

(with a* — (±1;0)J satisfies the assumptions \h*\ . \h**\ for any C > 0. 

Remark 36. Can monotonicity of be relaxed? In the Appendix we 

construct a class of M^'s which are monotone except for merely one critical point a" 
in lF~^([W^(a^), 0]). This implies existence of a connection a+ — , different from 
— a~, which generally obstructs existence. Critical points at lower level attract, 
for c> 0, the flow of U^^ - VW{U) = -c (see also Risler ^). 

Extension of Theorem 1321 under the assumption (|fe**p . In this case we solve 
a related problem for a modified "better" W and then show that the solution we 
construct is also a solution of the original problem as well. We modify to a new 
W by setting: 

W := WX{W>raiuonW} + (2 minaoT4^ - M^) X{M/<minas, w} ■ 
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This is the reflection the graph of W with respect to the hyperplane {w = minaoM^} 
which maps any parts of Gr{W) lying into {W < mingjiW^}, to the opposite 
halfspace. W is sufficiently coercive and Lemma [12] applied to fl and to Ec provides 
an [L°°(R)]^ - bound for the minimizers, showing that they are localized inside fl. 
Since W satisfies JF]) inside Q, problem ^ for W has a solution U in [C2(M)]^. 
By construction = W\^, so U solves ^ for W as well. 

9. Appendix 

On the optimality of the assumptions. We construct a class of VF's for which 
there is a heteroclinic between a local minimum with W{a'^) = and a critical 
point a° with > W{a°) > W{a~), a~ the global minimum. Hence, the existence 
of additional solutions which may obstruct the existence of a+ — connections 
can not be excluded without monotonicity as in l|fe*p. 

(hi) We assume that W € Cfoe(K^) and 

(1) W has at least 3 critical points, a^, a" with local minima, a" critical 
point and W{a+) = > W{a°) > W{a-). 

(2) For 2<j<N, W^^ (ui, 0, 0) = and [a~, a°], [a°, a+] are on the wi-axis. 

If = 1 and a° is a local minimum, then generally no a+ — connection exists 
( [F-McLj ). depending on the speeds c_,o and co,+ of the solutions — a° and 
a° — a"*". For TV > 1, (&) implies the existence of solutions U = (u,0, ...,0) to 
Uxx - VVK(C/) = -c for the slice TF(u) W^(u,0, ...,0). Thus, we may only 
impose assumptions on W : 

, We assume that holds, with the exception that W is monotone on 

(a~,a°) (a°,a+) separately, instead of (a~, a"*"). 

Proposition. IjW satisfies piT|l . (pi2| . f/iere existe a solution {U,c) G [C^(R)]^ x 
(0, co) to 

' Uxx ~ VW{U) = -c Ux 
C/(+oo) a+ , U{-oo) = flO. 

Proof of Proposition .We deform smoothly the slice to a new W for which 

the nature of the critical point a° is changed, being a global minimum of W. 
Then, the problem for W can be tackled by the foregoing theory, and, by a 
localization argument, the solution we construct solves also the original prob- 
lem. Let F : (a~,a°) — > (0,oo) be the "half of the standard bell function 
F{u) :— K exp ((u — a°)^^(w — a" + 2a^)^^) , ii' > to be chosen, and consider the 
following transformation 

Win^) , u>n2 

W{u),_ _ ue[a",r!2) 

-{F{u)W{u) ~2W{a-)) , ue{a-,a'^) 
- {F{a~)W{u) -2W{a-)) , u < a" . 

We choose K > Q, such that W{a~) > W{^ll). Assumptions (|hT|), (Ih2| imply that 
W satisfies giving an a"*" — a° heteroclinic which solves u^x — W{u) = —cu^ 
(Theorem EH). Lemma [H] provides the L°°(R) - bound 

< u{x) < il2 , for all x € R. 



W{u) 
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The function u solves Uxx — W (u) = —cux as well. Indeed, it suffices to improve 
the bound on w to a° < u{x) < a+, for all a; € R. Since by construction W\r „ , , = 

W|j^o a+]" Lemma [T^ applied to ^ for W gives the desired localization. □ 
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